Abstract. This paper deals with the numerical approximation of the 2D and 3D Navier-Stokes equations, satisfying nonstandard boundary conditions. This lays on the finite element discretisation of the corresponding Stokes problem, which is achieved through a three-fields stabilized mixed formulation. A priori and a posteriori error bounds are established for the nonlinear problem, ascertaining the convergence of the method. Finally, numerical tests are presented, including mesh refinement via error indicators.
Introduction
We are interested in this paper in the stationary Navier-Stokes problem satisfying physical boundary conditions (see also [10] ) in a simply connected bounded domain Ω of R 2 , with a polygonal boundary Γ = ∂Ω. The corresponding 2D Stokes equations with the same boundary conditions were studied in [12] and [4] , by means of different three-fields variational formulations. In [4] , after showing that the new vorticity-velocity-pressure formulation proposed was well-posed, the authors discretized it by means of conforming low-order finite elements. The discrete inf-sup condition is then obvious, while the discrete coercivity is obtained by adding a stabilization term (see [1] ) taking into account the jumps of both the vorticity and the pressure across the edges of the triangulation. Error bounds were deduced in a technical way, ensuring the unconditional convergence of the method as well as an optimal convergence rate O(h) whenever the exact solution is sufficiently smooth.
The goal of the present work is to propose a well-posed and convergent numerical approximation, as well as a priori and a posteriori error estimates, for the NavierStokes equations. The discretization is based on the method developed in [4] for the associated Stokes equations, the present paper being a generalization to the nonlinear case. However, we consider here a simpler discrete formulation of the Stokes equations, in which we stabilize only the pressure and which yields similar results from both theoretical and numerical points of view.
To deal with the nonlinear aspects of the problem, we use a variant of the implicit function theorem which can be found for instance in [15] . We thus obtain existence and uniqueness of the solution of the discrete problem in a neighbourhood of the exact solution, unconditional convergence of the approximation of the Navier-Stokes equations and also a priori and a posteriori error estimates for the vorticity and the pressure in L 2 (Ω), respectively for the velocity in L 4 (Ω). For smooth solutions, one gets the same convergence rate O(h) as for the Stokes problem.
Here we develop the bidimensional case; the extension to 3D together with 3D numerical examples are presented in [3] . Several numerical experiments are shown in the last section. On the one hand an academic test is considered, highlighting the theoretical results on the convergence rates for different Reynolds numbers. On the other hand, more realistic cases are treated by employing a posteriori error estimators.
The paper is organized as follows. In section 2 we introduce the mathematical framework for the Stokes and Navier-Stokes problems with nonstandard boundary conditions, and in section 3 we study the discrete Stokes operator. In particular, we prove that it satisfies a stability condition as well as a consistency condition. Thanks to these properties, we establish in section 4 that the discrete Navier-Stokes problem is well-posed and we obtain error bounds for the solution which allow us to deduce the unconditional convergence of the approximation and its convergence rate. We also propose an a posteriori error indicator. Finally, the last section deals with the numerical experiments.
2. Functional framework 2.1. The model problem. In order to describe our model problem, let us first introduce some notations. For any 2D vector field v = (v 1 , v 2 ) t , we denote
and, for any scalar field φ, curlφ = (∂ 2 φ, −∂ 1 φ) t . We suppose that Γ is composed of three open and disjoint subsets Γ 1 , Γ 2 , Γ 3 such that Γ = Γ 1 ∪Γ 2 ∪Γ 3 and, for the sake of simplicity, we suppose that |Γ 2 | > 0 where |·| denotes the Lebesgue measure. We denote, as usually, by n the unit outward normal vector to the boundary Γand by t the associated unit tangent vector. We agree to denote the vector spaces by bold letters; in particular for real numbers p > 1, 0 We consider the stationary incompressible Navier-Stokes equations
and impose the following boundary conditions which are described, for instance, in [10] ,
where ω = curlu represents the scalar vorticity.
Remark 2.1. In order to simplify the presentation and without losing generality, here we consider homogeneous boundary conditions for the pressure and the vorticity. The nonhomogeneous case is treated in [2] . However, in the last section, numerical tests are also carried out for nonhomogeneous boundary conditions.
By means of the dynamic pressure p = p + 1 2 u · u and of the relation u∇u + ∇p = ωu ⊥ + ∇ p, the previous problem can be written as (2.1)
in Ω, together with the boundary conditions
The unknowns are now the velocity field u and the scalar fields ω and p (denoted by p in the following). The kinematic viscosity ν > 0 is given, and for the sake of simplicity, the force field f is taken in L 4/3 (Ω).
The linear Stokes problem.
The analysis of the nonlinear Navier-Stokes problem uses the properties of the associated linear Stokes operator. Therefore, we consider the Stokes equations
in Ω, endowed with the same type of boundary conditions as in (2.2),
where g ∈ L 4/3 (Ω). A three-fields variational formulation was introduced in [4] , for smoother forces g ∈ L 2 (Ω). Let us next recall some results established in [4] and adapt them to the case where g ∈ L 4/3 (Ω). One first needs to define the following Hilbert spaces:
where
The spaces H(div, curl; Ω), M are both normed by
1/2 . We assume in this paper that (H1) {v ∈ M; divv = curlv = 0 a.e. in Ω} = {0} .
The hypothesis (H1) is true in particular if one of the following situations hold:
and |Γ 3 | > 0 with Γ 3 simply connected. Then one gets (according to [4] ) that the seminorm |v| M = ( divv Another key point is that in what follows, the space M is assumed to be continuously imbedded in H s (Ω), for some s ∈ ]1/2, 1]. This is not a restrictive hypothesis; it is satisfied (see [11] ) if there are no nonconvex corners (i.e., corners of Ω where the openings of the angles of Ω are larger than π) at the intersection of Γ 1 ∪ Γ 2 and Γ 3 .
The previous statement holds with s = 1 if Ω is a convex polygon. Taking Ω as a Lipschitz-continuous domain and |Γ 2 | = |Γ 3 | = 0 also yields the optimal case s = 1 (cf. for instance [13] ).
Then on the one hand, Sobolev's imbedding theorem implies that M is also continuously imbedded in L 4 (Ω) and on the other hand, we see that the traces of its elements belong to L 2 (Γ). Thus, the linear form
, we next define for all σ = (ω, p), τ = (θ, q) ∈ X and v ∈ M, the bilinear forms
and consider the mixed variational formulation of the Stokes problem:
In [4] , problem (2.3) was shown to satisfy the Babuška-Brezzi conditions (cf. [6] for instance), so (2.3) has a unique solution.
Remark 2.2. Let us note that one may also take g ∈ M and still obtain the well-posedness of the Stokes problem.
Then one can define a linear continuous operator
where (σ, u) is the unique solution of the Stokes problem (2.3). For the simplicity of notation, we shall denote from now on the Banach space X × L 4 (Ω) by Y.
2.3.
The nonlinear Navier-Stokes problem. By introducing the nonlinear operator
the Navier-Stokes equations (2.1) with homogeneous boundary conditions can be put in the general setting of a nonlinear problem as follows:
The mapping F is defined by
We assume in what follows that there exists a solution (σ, u) such that F (σ, u) = 0 and DF (σ, u) is an isomorphism of X × L 4 (Ω). It is well known that the classical Navier-Stokes problem admits at least a solution (σ, u), the uniqueness holding under a hypothesis of small data; in this last case, DF (σ, u) is an isomorphism.
Finite element discretization of the Stokes problem
We are next interested in the numerical approximation of the nonlinear problem (2.4). For this purpose, one first needs to consider a discretization of the associated linear problem (2.3).
Let (T h ) h>0 be a regular family of triangulations of Ω consisting of triangles. We classically denote by h K the diameter of the triangle K, by h = max K∈T h h K , by E h the set of internal edges and by h e the length of the edge e. We assume that each triangulation is compatible with the boundary conditions and moreover, that Γ 2 contains at least one vertex.
For the approximation of the mixed variational formulation (2.3), we consider the same finite dimensional spaces as in [4] , that is:
Let us also define
We thus employ conforming finite elements of lowest-order ensuring that the inf-sup condition, which represents the main difficulty in the velocity-pressure formulation for the Stokes problem, is directly satisfied.
However, the bilinear form a(·, ·) is not coercive on the discrete kernel V h of b(·, ·); cf. [4] . In order to retrieve its coercivity, we apply a stabilization technique, that is we replace a(·, ·) by a(·, ·) + β A h (·, ·) where β > 0 represents a stabilization parameter, which can be eventually chosen independently of the discretization parameter h.
In [4] , the stabilization term A h (·, ·) was defined by means of the jumps of both the pressure and the vorticity across the edges of the triangulation. In this paper we employ a simpler formulation, obtained by stabilizing only the pressure and leading to similar theoretical and numerical results.
So, we define the bilinear form
where [·] e stands for the jump across the internal edge e ∈ E h , respectively for the trace on the edge e situated on Γ 2 . We can now consider the following discrete formulation of (2.3):
It is useful to introduce the seminorm on
We next prove that the new bilinear form a(·, ·) + β A h (·, ·) is V h -elliptic and X hcontinuous with respect to the L 2 (Ω)-norm of X, independently of h. The first result is obtained by adapting the proof given in [4] for the case where the stabilization term also takes into account the vorticity. Thus one gets: Lemma 3.1. There exists a positive constant independent of h such that
Proof. Let τ = (θ, q) ∈ V h and let us denote by
(Ω) and obviously one has (cf. [13] ) that :
We remark for any
where we have used Green's formula and the boundary conditions v · n = v h · n = 0 on Γ 1 ∪ Γ 3 in order to obtain the last equality. We next choose for v h the image of v by a regularization operator (see [5] ) with values in M h , such that :
Then the previous relations give
which implies on the one hand,
and on the other hand,
So it is now sufficient to prove the same inequality for P 0 q in order to end the proof of the lemma. Following [4] , we consider a function w ∈ M ∩ H 1 (Ω) with Ω divwdΩ = 1 and we write
which finally leads to the announced result. So the uniform coercivity of a(·, ·) + β A h (·, ·) is given by the relation (3.3), while the uniform continuity comes from the next lemma. Proof. Let us recall the following well-known inequality, which holds for any q ∈ H 1 (K), any K ∈ T h and e ⊂ ∂K:
Its proof is based on the trace theorem together with a passage to the reference element. Now, for a q piecewise constant on every triangle, the previous relation leads to h
for any edge e = ∂K 1 ∩ ∂K 2 . By summing up on all of the edges belonging to E h ∪ Γ 2 we get the desired inequality, for any
It is also useful to establish the next result.
Lemma 3.3. With any
where c is a constant independent of both the discretization and the stabilization parameters.
Proof. First of all, let us notice that for any µ ∈ e∈E h ∪Γ L 2 (e) such that µ = 0 on any edge e ⊂ Γ 1 ∪Γ 3 , there exists a function φ h ∈ H 1 (Ω)∩M, piecewise polynomial, such that e φ h · ndΓ = e µdΓ ∀e ∈ E h ∪ Γ and satisfying
Indeed, let us introduce the space
2 where {λ i } 1≤i≤3 denotes the barycentric coordinates and n i represents the unit outward normal vector to the edge e i of the triangle K ∈ T h . Then we construct φ h ∈ L 2 (Ω); (φ h ) |K ∈ P(K) ∀K ∈ T h by imposing its degrees of freedom, namely e φ h · ndΓ = e µdΓ for any edge e ∈ E h ∪ Γ. Obviously, φ h (S) = 0 at any vertex S of the triangulation, φ h · t = 0 on any edge and moreover, φ h is continuous at any midpoint of an internal edge, therefore φ h ∈ H 1 (Ω) ∩ M. We next apply this result for
and we thus get that |φ h | 1,Ω ≤ c|τ | h . Moreover, for any δ = (ρ, r) ∈ X h we get that
which ends the proof.
We next recall from [4] the discrete inf-sup condition for the bilinear form b(·, ·):
The following inequality is true, with a constant c independent of h:
Proof. With any v ∈ M h , we associate τ = (−curlv, divv) ∈ X h which clearly satisfies :
so the result is obvious.
Gathering together Lemmas 3.1, 3.2 and 3.4 we see that the mixed formulation (3.2) fulfills the hypotheses of the Babuška-Brezzi theorem, uniformly with respect to h (cf. for instance [6] ). Hence the discrete problem (3.2) is well-posed and one can now introduce the discrete Stokes operator as follows:
where (σ h , u h ) ∈ X h × M h is the unique solution of (3.2). Obviously, S h is a linear and continuous operator, which satisfies the condition
with c a positive constant independent of h but depending on β. Moreover, one can prove that S h satisfies an error bound which leads to the unconditional convergence of the approximation method. For the case of smooth data g ∈ L 2 (Ω), one gets:
(Ω) and letσ h be the L 2 (Ω)-projection of σ on X h , where (σ, u) = S(g). Then the following estimate holds:
where C is a constant independent of h (but depending on β).
Proof. The proof is rather technical but very similar to the one presented in [4] . Therefore, here we only specify the modification in the estimate of A h (σ h , δ) for an arbitrary δ = (ρ, r) ∈ X h , whereσ h = (ω h , p h ) ∈ X h . For this purpose, we associate with δ the function φ h ∈ M constructed in Lemma 3.3, which clearly satisfies Ω ω h curlφ h dΩ = 0. Hence
and the proof follows as in [4] .
In the general situation of a less regular data, one can establish: Theorem 3.6. For any g ∈ L 4/3 (Ω), one has:
Proof. The proof closely follows the one of the previous theorem. The only difference appears when estimating the term
where φ h is the discrete function introduced in Theorem 3.5; see also Lemma 3.3. The last inequality is obtained in a classical way, by passing to the reference element K and by making use of the equivalence of norms in finite dimension (see for instance [9] ). Indeed, let us note that φ h
φ h ( S) = 0 for any vertex S of K. Therefore, one can write on every triangle
which achieves the proof. Thus, for smooth data g ∈ L 2 (Ω) and smooth exact solution (σ, u) ∈ H 1 (Ω) × H 2 (Ω), one recovers from Theorem 3.5 that
that is, the approximation method for the Stokes problem has an optimal convergence rate O(h). Furthermore, Theorem 3.6 yields the unconditional convergence of the approximation, that is, the operator S h satisfies:
The discrete Navier-Stokes problem
Let us now look at the numerical approximation of the Navier-Stokes problem (2.4), which we write as follows:
The mapping F h is defined by : (τ, v) ).
We remark that if (σ h , u h ) is a solution of equation (4.1), then (σ
The functional F h is differentiable and for all (τ, v) ∈ Y, one has:
Existence and uniqueness. A priori error bound.
The analysis of the discrete problem (4.1) uses a result mainly based on the implicit function theorem, which was first established in [7] . Some variants can be found in [15] or in [8] . In order to apply the general result of [15] , we suppose that the Stokes operator S satisfies the following regularity assumption:
(Ω) is well-defined and continuous.
Remark 4.1. This last condition holds, for instance, with δ = 1 whenever Ω is a convex polygon and |Γ 2 | = |Γ 3 | = 0; cf. [13] .
As a consequence of (H2), one deduces from Theorem 3.6 that for any g ∈ L 4/3 (Ω),
where α = min( 1 2 , δ) and where c > 0 depends on α, (σ, u) and β but is independent of h.
Then we show, thanks to the properties (A1) and (A2) of the linear operator S h , the following statement:
Theorem 4.2. Assume the condition (H2) holds. Then the nonlinear mapping F h fulfills the conditions: (C1) there exists a positive constant c independent of h such that, for any (τ, v) ∈ Y:
.
Proof. First, one has that
So for any τ = (θ, q) ∈ X and v ∈ L 4 (Ω), the stability property (A1) together with Hölder's and Cauchy-Schwarz inequalities imply that
Therefore the condition (C1) is satisfied, with a constant c independent of h. Second, in order to establish the consistency property (C2) let us write
So the condition (A2) immediately gives that lim
Third, let us show that the linear operator DF h (σ, u) is an isomorphism of Y, for h small enough. For this purpose, we write it as follows: , u) ) . u) ), we get that
where DF (σ, u) is invertible by hypothesis. One knows that if
is an isomorphism and moreover, the next bound holds:
So it is now sufficient to prove that B h L(Y) < 1 2 for h small enough, in order to establish the stability property (C3). Let us note that
Thanks to the supposed regularity (H2) of the associated Stokes problem, one has that
Since DG(σ, u) is a bounded operator from Y to L 4/3 (Ω), we get that
for h smaller than a given h 0 > 0. This achieves the proof.
Then the next statement is true, according to [15] . 
Moreover, the following a priori, respectively a posteriori estimates hold:
with c, c independent of the discretization. Therefore, the approximation method for the Navier-Stokes problem is unconditionally convergent thanks to the condition (C2). Moreover, its convergence rate is given by an upper bound for
When considering a smooth data f ∈ L 2 (Ω) and assuming that the exact solution (σ, u) of the initial Navier-Stokes problem satisfies(σ,
On the other hand, Theorem 3.5 gives that
so we obtain a convergence rate O(h) for the Y-norm of the error, as for the Stokes problem.
Remark 4.4. By means of a technical argument of Aubin-Nitsche type, one can improve the convergence rate for the velocity in the L 4 (Ω)-norm and obtain O(h 3/2 ), whenever f ∈ L 2 (Ω) and (σ, u) ∈ H 1 (Ω) × H 2 (Ω). A detailed proof, including the case of nonhomogeneous boundary conditions p 0 and ω 0 , can be found in [2] . So, the proposed approximation method for the Navier-Stokes problem is optimal in terms of finite elements.
4.2.
A posteriori error estimate. Theorem 4.3 says that an a posteriori error indicator is defined by an upper bound for F (σ h , u h ) Y . For this purpose we estimate, for any τ = (θ, q) ∈ X and any v ∈ M, the quantity F (σ h , u h ), (τ, v) where ·, · now denotes the scalar product of X × M. We clearly have, since
So, taking into account the definition of the mappings F and F h , we can write
In what follows, we take τ h = (0, 0) and v h = R h v where R h denotes the Clément's interpolation operator. Next, we integrate by parts on every K ∈ T h and we take into account that curlω h = 0 and ∇p h = 0 on every triangle K. Then finally we get:
Let us introduce the following residuals, on every triangle K of the triangulation,
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respectively on every edge e:
Then one can write that
We use the following interpolation results for v ∈ M ⊂ H s (Ω) with s ∈]1/2, 1] (cf. for instance [5] or [13] ):
where e is an edge of K and S K is the set of triangles K such that
This finally leads to 
Numerical results
We begin this section by presenting some numerical examples which illustrate the theoretical results obtained in the previous sections. More realistic cases which are usually considered for the Navier-Stokes equations are treated next. We impose the pressure and the vorticity respectively on the left and right boundaries whereas the velocity is given on the other boundaries. The nonlinear system is solved by a Newton algorithm.
We next compare the numerical errors obtained for different values of the parameters h and β and for Reynolds numbers varying from 1 to 10000. In Table 1 to  Table 5 we present the error in the L 2 -norm for the pressure and for the vorticity while the error for the velocity is given in both L 4 and H 1 -norms. One may notice that the errors on p and ω are both in O(h) and the error on u is in O(h 2 ) in the L 4 -norm and in O(h) in the H 1 -norm. In [2] , we have also computed for the above example the a posteriori estimator and applied it in order to locally refine the mesh, for Re = 1 and Re = 1000. The comparison with the exact error highlights the good local behaviour of the a posteriori indicator. More precisely, the solution and the estimator are first computed on a nonrefined mesh and then we adapt the mesh and recalculate the approximation. Finally, the a posteriori error is calculated again on the fine mesh in order to illustrate the improvement of the solution. We next show the velocity, pressure and vorticity obtained by this method. The numerical tests were carried out for several Reynolds numbers, however here we present only the most significant results. Table 5 . Errors for Re = 10000 and β = 1.5
Cavity domain. Here we consider two different cavity tests depending on the size of the domain. We impose the velocity on the whole boundary. We take u equal to (1,0) on the upper boundary and equal to zero on the rest of the boundary. In the first example, the domain is the unit square and the considered Reynolds number is 500 (see Figure 5 .1).
In the second example, the domain is the rectangle ]0, 1[×]0, 2[, and we take two Reynolds numbers, respectively equal to 5000 (see Figure 5 .2) and to 20000 (see Figure 5. 3) . One can notice that for big Reynolds numbers, a second vortex appears in the lower part of the domain (cf. Figure 5. 3). Step test. We are now interested in the classical step test, with the pressure given on the inlet and outlet boundaries and a zero velocity imposed elsewhere. Similar results were obtained when taking ω = 0 and u.n = 0 on the upper boundary but they are not presented here. For a small Reynolds number (for instance Re = 10), we retrieve a linear pressure (cf. Step test: Velocity near the step (Re = 10) Step test: Vorticity (Re = 1000) Figure 5 .12.
Step test: Pressure (Re = 1000)
T-shaped domain. To end this section, numerical tests validating the method are also carried out on a T-shaped domain with the same boundary conditions as in the example of the previous step. Here we present the error estimator on the initial and refined grid, as well as the velocity, vorticity and pressure on the refined mesh for two different Reynolds numbers, Re = 100 and Re = 10000. 
